A subgroup of V containing a principal congruence subgroup T(«) is said to be a congruence subgroup, and is of level « if « is the least such integer. In a recent article [2] the writer determined all normal subgroups of T of genus 1 (see [l] for the definition of the genus of a subgroup of r).
A subgroup of V containing a principal congruence subgroup T(«) is said to be a congruence subgroup, and is of level « if « is the least such integer.
In a recent article [2] the writer determined all normal subgroups of T of genus 1 (see [l] for the definition of the genus of a subgroup of r).
An interesting question that arises is to decide which of these are also congruence subgroups. In this note we show that there are just 4 such groups. This furnishes a new family of normal subgroups of finite index in the modular group which are not congruence groups (see [3 ] for other examples). The proof makes use of some recent work of K. Wohlfahrt [4] on the definition of level for an arbitrary subgroup of finite index in T.
We let x stand for the substitution 1 and y for the substitution r+1
Then x2 = y3 = 1, and T is the free product of the cyclic group of order 2 generated by x and the cyclic group of order 3 generated by y. The commutator subgroup V of V is a free group of rank 2 and of index 6 in V. V is freely generated by the elements a = xy xy2, b = xy2 xy.
If w is any word of V, let ea(w), eb(w) denote the sum of the exponents of a and the sum of the exponents of b, respectively. Let T" denote the second commutator subgroup of V, so that T" consists of all words w of V such that ea(w) = e&(w) =0. It is shown in [2] that if G is a normal subgroup of T of genus 1 then r'DGDr", and that integers p, m, d exist such that (2) p > 0, 0á«^á-l, m2 + m + 1 = 0 (mod d) ;
and such that G consists of those words w of V satisfying (3) ea(w) = 0 (mod p), eb(w) = mea(w) (mod dp).
Conversely conditions (2) and (3) Since (p, m, d) is of index dp2 in T' and T(6) of index 12 in T', it follows that dp2\ 12. All possible cases are now easily determined and the proof of the theorem is concluded.
